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Abstract— This paper introduces the concept of an NJ-ternary ring and investigates its properties within the
framework of graded ternary rings. Particular attention is given to the relationship between a graded NJ-ternary
ring and its homogeneous components. It is shown that the identity component of a graded NJ-ternary ring is itself
an NJ-ternary ring, whereas every non-identity homogeneous component consists entirely of quasi-regular
elements. These results provide further insight into the structural behavior of NJ-ternary rings under grading. The
study also examines the relationship between JR-ternary rings and NJ-ternary rings in the graded setting,
highlighting connections between these classes of ternary rings and their associated radical properties. The findings
contribute to the development of the theory of graded ternary rings and provide a foundation for further

investigation of NJ-type structures and Jacobson radical behavior in ternary algebraic systems.
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Introduction
Algebraic structures are an important branch of

mathematics; they have many applications in many
fields such as computer science, information science,
and coding theory, among others. The theory of
algebraic systems was studied by Lehmer [1] in 1932,
but earlier such structures were investigated and
studied by Priifer in 1924, Baer in 1929. The notion of
ternary rings was introduced by Lister [2]. Graded
Ternary rings were introduced by Qrewi [9].

Ternary rings have attracted attention because they
extend the usual algebraic structures by using a ternary
multiplication. Several concepts have been studied in
ternary rings, such as ideals, regular elements, quasi-
regular elements, and the Jacobson radical. These
concepts help in understanding the structure of ternary
rings and the properties of their elements.

Graded ternary rings give another way to study ternary
rings by dividing the ring into components according
to a grading semigroup or monoid. This makes it
possible to study the relation between the properties of
the whole ternary ring and the properties of its
components. In particular, it is interesting to know

whether a certain property of a ternary ring is also
satisfied by some of its graded components.

In this paper, we introduce the notion of an NJ-ternary
ring, where every element is either regular or quasi-
regular. We study this notion in graded ternary rings
and investigate the relation between an NJ-ternary ring
and its components. We also consider related concepts
such as the Jacobson radical, JR ternary rings, and J-
semisimple ternary rings in the graded setting.

2. NJ-Ternary Rings in Graded Ternary Rings:

In this section, we recall the definitions of a ternary
ring and a graded ternary ring, along with some
properties needed for our study.

Definition 1 (see [2]).

A nonempty set T, equipped with an addition
operation and a ternary multiplication, is called a
ternary ring if T is an additive commutative group
satisfying the following conditions:

(i) (abc)de = a(bcd)e = ab(cde).

(ii) (a+b)cd = acd + bcd.

(iii) a(b+c)d = abd + acd.
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(iv) ab(c+d) = abc + abd.
Forall a,b,c,d,e € T.
Definition 2. (see [7]).
A ternary ring T is called commutative if:

abc = acb = bac = bca = cab =cbha Va,b,c

ET

Definition 3 (see [7]).

Let T be a ternary ring. If there exists an element 0T
such that

0+x=xand Oxy = x0y =xy0 =0 for all x,y €
T,

then O is called the zero element of the ternary ring
T. Inthis case, we say that T is a ternary ring with zero.
Definition 4 (see [7]).
Let T be a ternary ring. If there exists an element e €
T such that
eex = exe = xeeforallx €T,
then e is called an identity element of T. Throughout
this paper, T will denote a ternary ring with zero and
identity element 1.

Definition 5 (see [7]).

Let T be a ternary ring. An element x € T is said to be
right (left, lateral) invertible if there exist y,z € T
such that

xyz =1 (respectively yzx =1, yxz = 1)

If x is left, right, and lateral invertible, then x is called
an invertible element of T. The set of all invertible
elements of T is denoted by Us.

Definition 6 (see [8]).

An additive subgroup A of a ternary ring T is called a
ternary subring of T if abc € Aforall a,b,c € A.

Definition 7 (see [8]).

An additive subgroup A of a ternary ring T is called a

left (right, lateral) ideal of T if:

bca € A (respectively abc € A, bac € A) forall b,c €

T and a €A .

Ais called an ideal of T if it is a left, right, and lateral

ideal of T. An ideal A of T is called a proper ideal if

A=+#T.

Definition 8 (see [1]).

An element x of a ternary ring T is called right quasi-

regular if there exists an element y € T such that
x+y+xty=0

forall t € T. The notion of left quasi-regularity can be

defined similarly. An element x of a ternary ring T is

called quasi-regular if it is both left and right quasi-

regular.

Definition 9 (see [5]).

An element a of a ternary ring T is called regular (in
the sense of von Neumann) if there exist two elements
x,y € T such that

a = axaya.
Definition 10.
A ternary ring T is called an NJ-ternary ring if every
element of T is either a regular or a quasi-regular
element.
Definition 11 (see [6,8]).
An ideal A of aternary ring T is said to be a maximal
(right, left) ideal if A is a proper (right, left) ideal of T
and is not properly contained in any proper (right, left)
ideal of T. The sets of all right and left maximal ideals
of T are denoted by M, and M, , respectively.
Definition 12 (see [6]).
The right and left radicals of a ternary ring T are
defined, respectively, by

Rad,.(T) = ﬂ M and Rad,(T) = ﬂ M
MEeM, MEM,
Lemma 1 (see [6]).
Let T be a ternary ring. Then,
Rad,.(T)
={r €T, 1—rst isaright invertibleinT Vs,t
€T}
and
Rad,(T)
={r €T; 1—str isaleftinvertibleinT Vs,t
€T}
It should be noted that Rad,(T) = Rad,(T)
Definition 13 (see [6]).
We define  Rad(T) = Rad,(T) = Rad,(T)
and call it the Jacobson radical of the ternary ring T.

Definition 14 (see [3]).

A ternary ring T is called J-semisimple if

Rad(T) = {0}.

Definition 15.

An element x of aternary ring T is said to be JR if it is
the sum of a regular element and an element of the
Jacobson radical. A ternary ring T is said to be JR if
all its elements are JR.

Definition 16 (see [5]).

Let T be aternary ring. If A, B, and C are three subsets
of T, we denote the set:

ABC = {Zabc ja€AbeB,cec)
Definition 17 (see [9]).
Let T be a ternary ring and let S be a semigroup. T is
called an S-graded ternary ring if there exists a

nonempty family {T;},cs of additive subgroups of T
such that:



i) T= DT,

seS
(ii) T,TgT, S Top, forall a,f,y €T .
A graded ternary ring-S is denoted by (T,S). The
elements of T, are called homogeneous elements of
degree s. Every x € T can be written uniquely as
x = Z X5 ; X5 €Ty
SES

where x, is the component of x in T, and x, = 0 for
all but finitely many s € S. The support of (T,S) is
defined by

supp(T,S) = {s €S; T, + {0}}
Example :

Lemma 2 (see [9]).
Let S be a monoid with neutral element e, and let T =
@ T, , T, be an S-graded ternary ring. Then:
seS
1) T, isaternary subring of T.
2) Suppose that S is multiplicatively
cancellative and that a8 + e for all a, 8 € S
such that (a, B) # (e, e). If

1=sz ;Xg € T

SES
then,

o foreveryh e Sanda, €Ty,
Ap = XeXelp = XeApXe = ApXeXe
e 1€T,.

Standing Assumptions. Throughout the main results,
(T) denotes a ternary ring with zero and identity (1),
and (S) denotes a monoid with neutral element (e).
Any additional assumptions on (S), such as
multiplicative cancellativity, will be stated explicitly
in the corresponding theorem.

3. Main Results:
Theorem 1.
Let S be a monoid with neutral element e, and let T be
a graded ternary ring by S. If T is an NJ-ternary ring,
S is multiplicatively cancellative, and af # e for
every two elements «, 8 € S suchthat (a, 8) # (e, e),
then:
1) Theternary subring T, is an NJ-ternary ring.
2) If h # e, then every element of T} is quasi-
regularin T.
Proof:

Since T = @ T, is a graded ternary ring graded by
seS

monoid S with neutral element e , S multiplication
cancellative and af # e for every two elements
a,B of S such that (a,B8) # (e,e) , then 1 €T,
(lemma 2).
1) Leta be anelement of T, . Since T is NJ-
ring ,then either a is regular element in T or
quasi- regular in T.
e Case 1: If ais regular element in T, then
there exist in T two elements x,y such that

a = axaya. Since x,y €T = () T ,then:
seS

x=zxs 'y=z3/s i X5, Ys € T

SES

o=a(YnJa(ToJa=a(nt T wlaln+ 3 e
SES SES seS—{e} seS—{e}

= (axea + Z ax a) <yea + Z Vs a>
ses—{e} ses—{e}

= ax.ay.a + Z ax.aysa + Z axsay.a + ( Z axs a)( Z Vs a)
ses—{e} ses—{e} ses—{e} seS—{e}

(ax,a)y,a € T,T,T,CT, Vs €S —{e}
(axsa)y,a € T,T,T,C T, Vs €S —{e}
(axs;a)ysa € T,T;T, €T,z Vs €S —{e}
a,ax,ay,a €T, &ss +e Vs €S —{e}

SES
Hence:
Since:
Since T= @ T, is a direct sum and a € T,, the

seS
uniqueness of the homogeneous decomposition
implies  that all

non-identity  homogeneous

components on the right-hand side must vanish.
Hence, a = ax.,ay.a. Therefore a is a regular

element in T,.



an element b such that a+ b + aab =0
forall « of T.

e Case 2: If ais a quasi - regular element
in T,then a is aright and left quasi regular
element in T . Since a is a right quasi -
regular element in T ,then there exist in T

a=2as ,b=st ; s, bg € T

Since a,b € T = @ T then:
seS

SES SES
Hence:
a+ () b)+a() a)() b)=0
SES SES SES
—a+b,+( Z by) + a(a, + Z @) (b, + Z by) = 0
ses—{e} ses—{e} ses—{e}
—a+b,+( Z by) + (aa, + Z aay) (b, + Z by) = 0
ses—{e} ses—{e} ses—{e}
=>a+be+< Z bs>+aaebe+ Z aa,bs + Z aag b, + ( Z aas)( Z bs) =0
ses—{e} ses—{e} ses—{e} ses—{e} ses—{e}
Since:

a,be,aa.b, € T,& aa,bs, aasb, € T, Vs €S — {e}
aasb; ET2&ss#+e VseS—{e}

Since T= @D T,is

seS

a direct sum, the uniqueness of the homogeneous
decomposition implies that the T,-component of the
above equality must vanish separately. Therefore,

Consequently, every element of (T, ) is either regular
or quasi-regular in (T,). Hence, (T,) is an NJ-ternary
ring

a+b,+aab, =0
Hence, a is a right quasi-regular element in T,
Similarly, the same argument shows that (a) is a left
quasi-regular element in (T,). Therefore, (a) is a quasi-
regular element in (7).

2) If seS—{e}andais an element of T, —
{0} ,then a is not regular in T because if the
element a is regular in T, then there exist in
T two elements x,y such that a = axaya.

3) Sincex,y €T = 62 T, ,then:
Se

x=zxs 'y=z3/s X5, Vs € T

SES SES

ax,aysa + Z axgay.a + ( Z ax a)( Z Vs a)
ses—{e} seS—{e}

ses—{e}

Hence:

a = ax,ay.a +
ses—{e}
Moreover ,
ax.ay.a ¢ T, — {0} because if ax,ay,a € T, — {0},then:
axeay.a € T;, (ax.a)y.a € T;3Vs € S — {e}
axeayeaio,T=@@Ts =s=5'=se=s
seS seS
Since S is multiplicatively cancellative e = s2 and this contradicts a8 # e for every two elements a, 5 of S such
that (a, B) # (e, e).
ax.aysa & T, — {0} because if ax.ay,a € T, — {0},then:
axe.aysa € Ty, (ax,a)ysa € TaVs € S — {e}
axeaysaio,T=@@Ts =s=s'=se=s*
seS seS
Since S is multiplicatively cancellative e = s3 and this contradicts a8 # e for every two elements a, 5 of S such

that (o, ) # (e, e).



axsay.a ¢ T, — {0}because if ax;ay.a € T, — {0},then:

axsay.a € Ty, (ax;a)y.a € TaVs € S — {e}

axsay.a # 0,T = ® D Ts

seS seS

=s=s*=se=s5*

Since S is multiplicatively cancellative e = s and this contradicts a8 + e for every two elements «, 8 of S such

that (o, B) # (e, e).

axsaysa & T, — {0} because if ax,ay.a € T, — {0},then:

axsaysa € T, (axs;a)ysa € TsVs € S — {e}

axs;aysa # 0,T = ® D T

seS seS
Since S is
multiplication Cancellative ,then e = s* and this
contradicts aff = e for every two elements a, 8 of S
such that (a, B) # (e, e).
Since ax.,ay.a,ax.ay.a,ax;ay.a, axsay,a & Ty —
{0} and a € T; ,then a = 0 which is a contradiction.

Since T is an NJ-ternary ring and ah is not regular in
T, it follows that a;, is quasi-regular in T. Therefore,
every element of T, for h # e, is quasi-regular in T.

Remark: Theorem 1 shows that the NJ-property
descends to the identity component T,, while all other
homogeneous components consist entirely of quasi-
regular elements.

Theorem 2.

Let S be a monoid with neutral element e,and let T
be an S -graded ternary ring. If T is a JR-ternary ring,

2) thatx =a+b.Sincea,b €T = G-gTS,:

Se
a=ZaS ,b =

SES
Hence:

x=ZaS+ZbS=ae+

SES SES
Since:

ses—{e}

=s=5>=se=5°

S is multiplicatively cancellative, and (af + e) for
every (a, 8 € S) such that (o, 8) # (e, e)), then:

1. The ternary subring (T, ) is a JR-ternary ring.
2. If the ternary subring (T,) is J-semisimple,
then (T,) is an NJ-ternary ring.

Proof:
Since T = 62 T, is a graded ternary ring graded by
Se
the monoid S with neutral element e , S
multiplicatively cancellative and of # e for every
two elements a, 8 of S such that (a, ) # (e, e), then
1 €T, (lemma 2).
1) Let x be an element of T, ,then x is an
element of T. Since T is a JR-ternary ring
,then there exist a regular element a in T and
an element b of the Jacobson radical Rad(T)
such

st sag by €T,
SES

ag + b, + Z b,
seS—{e}

x,ae, b, €T, & as,bs €T, Vs €S — {e}
Then x = a, + b,. Since a is regular in T ,then there exist in T two elements x,y such that a = axaya. Since

x,y€T = @Ts,:
seS

x=zxs :y=zys X5, Vs € T

SES
Hence:

a, + as =
ses—{e}
(a. +

seS—{e} seS—{e}

SES

e+ ) Wt ) a0t ) wWa+ ) a)

seS—{e}

seS—{e} ses—{e}

Since af # e for every two elements a, 8 of S such that (a, 8) # (e, e) :
Qe = UeXeleYele



Therefore a, is regular in T,.Since b € Rad(T),:
1 —xzb is left invertible in T Vx,z €T [lemma
1]
So 1 —xzb is left invertible inT Vx,z€T,.
Therefore 1 —xzb =u ; u is left invertible in

1—xz(b, + bs) = u, + Z Uy
ses—{e} ses—{e}
Therefore:
1—xzb, — xzbs = u, + Z Uy
ses—{e} ses—{e}
SinceT= DT :
seS

1—xzb, =u,vx,z €T,
Since u is left invertible in T, then there exist two
elements o, B in T, such that ofu =1. Since
a,BET=DT,:

seS

a=) a; f=) fiianfi €T,

T vx,z€T,.
SinceueT= DT,:
seS
u= Z Ug ;ug € T
SES
Hence:
SES

Hence:

SES

@+ Y @)t ) B+ ) u)=1

ses—{e}
Since 1€T,,T=@T,, af # e for every two
seS

elements

o, B of Ssuch that (o, B) # (e, e), then a.B.u, =
1. So u, is left invertible in T, .

Hence:

1 —xzb, is left invertible in T, Vx,z€T,

So b, € Rad(T,). Since there exist aregular element
a, inT, and an element b, of the Jacobson radical
Rad(T,) such that x = a, + b, , then the ternary
subring T, is JR.

3) Letx be an element of T,. Since the ternary
subring T, is JR, then there exist a regular
element a in T, and an element b of the
Jacobson radical Rad(T,) suchthatx = a +
b. Since T, is J-semisimple, then Rad(T,) =
{0}. Therefore b = 0.Hence x = a is regular
element inT,. Therefore, T, is an NJ-ternary
ring.

4. Conclusions:

In this paper, we mainly studied NJ-ternary rings in the
context of graded ternary rings. We investigated the
relationship between a graded NJ-ternary ring and its
homogeneous components and established several
results concerning the behavior of regular and quasi-
regular elements in these components. In particular,
under suitable conditions on the grading monoid, we
showed that the neutral component (T,) inherits the
NJ-ternary ring property from the graded ternary ring
(T). We also examined the quasi-regularity of
elements belonging to the other homogeneous
components (Ty) , where (s # e) . These results
provide a connection between the structure of an NJ-

seS—{e}

ses—{e}

ternary ring and the algebraic properties of its grading
components.
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