
© 2026, RJMU All Rights Reserved   165 | P a g e  

.

Research Journal of Maaref University of Applied Sciences (RJMU) 

Critical Review Article. 

Vol 2, Issue 2, pages.165-171, August (2026) ISSN: 3105-7985 

 

On NJ-Ternary Rings in Graded Ternary Rings  

Hussien  Qrewi 1*    Abdullah A. Khatib 2    Hasan  Qrewi 3     

1*, 2 Assistant Professor in the Department of Mathematics, Faculty of Science, at Al-Furat University 

3 Lecturer, Maaref University of Applied Sciences, Syria 

Corresponding Author: e-mail: qrewi@alfuratuniv.edu.sy     

Available online at: https://doi.org/10.66422/RJMU.ID.78  

Received: 2 May 2026 Revised: 15 June 2026 Accepted: 14 July 2026 

Abstract— This paper introduces the concept of an NJ-ternary ring and investigates its properties within the 

framework of graded ternary rings. Particular attention is given to the relationship between a graded NJ-ternary 

ring and its homogeneous components. It is shown that the identity component of a graded NJ-ternary ring is itself 

an NJ-ternary ring, whereas every non-identity homogeneous component consists entirely of quasi-regular 

elements. These results provide further insight into the structural behavior of NJ-ternary rings under grading. The 

study also examines the relationship between JR-ternary rings and NJ-ternary rings in the graded setting, 

highlighting connections between these classes of ternary rings and their associated radical properties. The findings 

contribute to the development of the theory of graded ternary rings and provide a foundation for further 

investigation of NJ-type structures and Jacobson radical behavior in ternary algebraic systems. 
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Introduction 

Algebraic structures are an important branch of 

mathematics; they have many applications in many 

fields such as computer science, information science, 

and coding theory, among others. The theory of 

algebraic systems was studied by Lehmer [1] in 1932, 

but earlier such structures were investigated and 

studied by Prüfer in 1924, Baer in 1929. The notion of 

ternary rings was introduced by Lister [2]. Graded 

Ternary rings were introduced by  Qrewi [9]. 

Ternary rings have attracted attention because they 

extend the usual algebraic structures by using a ternary 

multiplication. Several concepts have been studied in 

ternary rings, such as ideals, regular elements, quasi-

regular elements, and the Jacobson radical. These 

concepts help in understanding the structure of ternary 

rings and the properties of their elements. 

Graded ternary rings give another way to study ternary 

rings by dividing the ring into components according 

to a grading semigroup or monoid. This makes it 

possible to study the relation between the properties of 

the whole ternary ring and the properties of its 

components. In particular, it is interesting to know 

whether a certain property of a ternary ring is also 

satisfied by some of its graded components. 

In this paper, we introduce the notion of an NJ-ternary 

ring, where every element is either regular or quasi-

regular. We study this notion in graded ternary rings 

and investigate the relation between an NJ-ternary ring 

and its components. We also consider related concepts 

such as the Jacobson radical, JR ternary rings, and J-

semisimple ternary rings in the graded setting. 

 

2. NJ-Ternary Rings in Graded Ternary Rings: 

In this section, we recall the definitions of a ternary 

ring and a graded ternary ring, along with some 

properties needed for our study. 

Definition 1 (see [2]).  

A nonempty set T, equipped with an addition 

operation and a ternary multiplication, is called a 

ternary ring if T is an additive commutative group 

satisfying the following conditions: 

(𝑖)       (𝑎𝑏𝑐)𝑑𝑒 =  𝑎(𝑏𝑐𝑑)𝑒 =  𝑎𝑏(𝑐𝑑𝑒). 

(𝑖𝑖)     (𝑎 + 𝑏)𝑐𝑑 =  𝑎𝑐𝑑 +  𝑏𝑐𝑑. 

(𝑖𝑖𝑖)    𝑎(𝑏 + 𝑐)𝑑 =  𝑎𝑏𝑑 +  𝑎𝑐𝑑. 
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(𝑖𝑣)    𝑎𝑏(𝑐 + 𝑑) =  𝑎𝑏𝑐 +  𝑎𝑏𝑑 . 

For all 𝑎, 𝑏, 𝑐, 𝑑, 𝑒 ∈  𝑇. 

Definition 2. (see [7]).  

A ternary ring T is called commutative if: 

𝑎𝑏𝑐 = 𝑎𝑐𝑏 = 𝑏𝑎𝑐 = 𝑏𝑐𝑎 = 𝑐𝑎𝑏 = 𝑐𝑏𝑎    ∀𝑎, 𝑏, 𝑐 

∈ 𝑇 

Definition 3 (see [7]). 

 Let T be a ternary ring. If there exists an element 0∈T 

such that 

  0 + 𝑥 = 𝑥 and 0𝑥𝑦 = 𝑥0𝑦 = 𝑥𝑦0 = 0 for all 𝑥, 𝑦 ∈

𝑇,  

  then 0 is called the zero element of the ternary ring 

T. In this case, we say that T is a ternary ring with zero. 

Definition 4 (see [7]).  

Let T be a ternary ring. If there exists an element 𝑒 ∈

𝑇 such that 

𝑒𝑒𝑥 =  𝑒𝑥𝑒 =  𝑥𝑒𝑒 for all 𝑥 ∈ 𝑇, 

then e is called an identity element of T. Throughout 

this paper, T will denote a ternary ring with zero and 

identity element 1. 

Definition 5 (see [7]).  

Let T be a ternary ring. An element 𝑥 ∈ 𝑇 is said to be 

right (left, lateral) invertible if there exist 𝑦, 𝑧 ∈ 𝑇 

such that 

𝑥𝑦𝑧 = 1 ( respectively 𝑦𝑧𝑥 = 1, 𝑦𝑥𝑧 = 1) 

If 𝑥 is left, right, and lateral invertible, then 𝑥 is called 

an invertible element of T. The set of all invertible 

elements of T is denoted by 𝑈𝑇. 

Definition 6 (see [8]).  

An additive subgroup 𝐴 of a ternary ring 𝑇 is called a 

ternary subring of T if  𝑎𝑏𝑐 ∈ 𝐴 for all 𝑎, 𝑏, 𝑐 ∈ 𝐴. 

 Definition 7 (see [8]).  

An additive subgroup A of a ternary ring T is called a 

left (right, lateral) ideal of T if:  

bca ∈ A ( respectively abc ∈ A, b𝑎c ∈ A) for all b, c ∈

𝑇  and  𝑎 ∈ A  . 

A is called an ideal of T if it is a left, right, and lateral 

ideal of T. An ideal A of T is called a proper ideal if 

A ≠ 𝑇. 

Definition 8 (see [1]).  

An element x of a ternary ring T is called right quasi-

regular if there exists an element 𝑦 ∈ 𝑇 such that 

𝑥 + 𝑦 + 𝑥𝑡𝑦 = 0 

for all 𝑡 ∈ 𝑇. The notion of left quasi-regularity can be 

defined similarly. An element 𝑥 of a ternary ring T is 

called quasi-regular if it is both left and right quasi-

regular. 

Definition 9 (see [5]). 

 An element a of a ternary ring T is called regular (in 

the sense of von Neumann) if there exist two elements 

𝑥, 𝑦 ∈ 𝑇 such that 

𝑎 = 𝑎𝑥𝑎𝑦𝑎. 

Definition 10. 

 A ternary ring T is called an NJ-ternary ring if every 

element of T is either a regular or a quasi-regular 

element. 

Definition 11 (see [6,8]).  

An ideal A of a ternary ring T is said to be a maximal 

(right, left) ideal if A is a proper (right, left) ideal of T 

and is not properly contained in any proper (right, left) 

ideal of T. The sets of all right and left maximal ideals 

of T are denoted by 𝑀𝑟  and 𝑀𝑙 , respectively. 

Definition 12 (see [6]).  

The right and left radicals of a ternary ring T are 

defined, respectively, by 

 

𝑅𝑎𝑑𝑟(𝑇) = ⋂ 𝑀

𝑀∈M𝑟 

 and  𝑅𝑎𝑑ℓ(𝑇) = ⋂ 𝑀

𝑀∈Mℓ 

 

Lemma 1 (see [6]).  

Let T be a ternary ring. Then, 

𝑅𝑎𝑑𝑟(𝑇)

= {𝑟 ∈ T;   1 − 𝑟𝑠𝑡  𝑖𝑠 𝑎 𝑟𝑖𝑔ℎ𝑡 𝑖𝑛𝑣𝑒𝑟𝑡𝑖𝑏𝑙𝑒 𝑖𝑛 𝑇 ∀𝑠, 𝑡

∈ 𝑇} 

and 

𝑅𝑎𝑑ℓ(𝑇)

= {𝑟 ∈ T;   1 − 𝑠𝑡𝑟  𝑖𝑠 𝑎 𝑙𝑒𝑓𝑡 𝑖𝑛𝑣𝑒𝑟𝑡𝑖𝑏𝑙𝑒 𝑖𝑛 𝑇 ∀𝑠, 𝑡

∈ 𝑇} 

It should be noted that   𝑅𝑎𝑑𝑟(𝑇) = 𝑅𝑎𝑑ℓ(𝑇) 

Definition 13 (see [6]).  

We define    𝑅𝑎𝑑(𝑇) = 𝑅𝑎𝑑𝑟(𝑇) = 𝑅𝑎𝑑ℓ(𝑇) 

and call it the Jacobson radical of the ternary ring T. 

 

Definition 14 (see [3]).  

A ternary ring T is called J-semisimple if 

𝑅𝑎𝑑(𝑇) = {0}. 

Definition 15.  

An element 𝑥 of a ternary ring T is said to be 𝐽𝑅 if it is 

the sum of a regular element and an element of the 

Jacobson radical. A ternary ring T is said to be 𝐽𝑅 if 

all its elements are 𝐽𝑅. 

Definition 16 (see [5]). 

 Let T be a ternary ring. If A, B, and C are three subsets 

of T, we denote the set: 

ABC = {∑ 𝑎𝑏𝑐    ; 𝑎 ∈ 𝐴, 𝑏 ∈ 𝐵, 𝑐 ∈ 𝐶} 

Definition 17 (see [9]).  

Let T be a ternary ring and let S be a semigroup. T is 

called an S-graded ternary ring if there exists a 

nonempty family {𝑇𝑠}𝑠∈𝑆  of additive subgroups of T 

such that: 
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(𝑖)      𝑇 =


s S

𝑇𝑠. 

(𝑖𝑖)     𝑇𝛼𝑇𝛽𝑇𝛾 ⊆ 𝑇𝛼𝛽𝛾 for all 𝛼, 𝛽, 𝛾 ∈ 𝑇 . 

A graded ternary ring-S  is denoted by (𝑇, 𝑆). The 

elements of 𝑇𝑠   are called homogeneous elements of 

degree s. Every 𝑥 ∈ 𝑇 can be written uniquely as 

𝑥 = ∑ 𝑥𝑠  ; 

𝑠∈𝑆

𝑥𝑠 ∈ 𝑇𝑠 

 

where 𝑥𝑠  is the component of 𝑥 in 𝑇𝑠  and 𝑥𝑠 = 0 for 

all but finitely many 𝑠 ∈ 𝑆. The support of (𝑇, 𝑆) is 

defined by 

𝑠𝑢𝑝𝑝(𝑇, 𝑆) = {𝑠 ∈ 𝑆;    𝑇𝑠 ≠ {0}} 

Example :  

 

Lemma 2 (see [9]).  

Let 𝑆 be a monoid with neutral element e, and let 𝑇 =



s S

𝑇𝑠 , 𝑇𝑠  be an S-graded ternary ring. Then: 

1) 𝑇𝑒  is a ternary subring of T. 

2) Suppose that S is multiplicatively 

cancellative and that 𝛼𝛽 ≠ 𝑒 for all 𝛼, 𝛽 ∈ 𝑆 

such that (𝛼, 𝛽) ≠ (𝑒, 𝑒). If 

1 = ∑ 𝑥𝑠

𝑠∈𝑆

    ; 𝑥𝑠 ∈ 𝑇𝑠 

then,  

• for every ℎ ∈ 𝑆 and 𝑎ℎ ∈ 𝑇ℎ, 

𝑎ℎ = 𝑥𝑒𝑥𝑒𝑎ℎ = 𝑥𝑒𝑎ℎ𝑥𝑒 = 𝑎ℎ𝑥𝑒𝑥𝑒 

• 1 ∈ 𝑇𝑒. 

Standing Assumptions. Throughout the main results, 

(T) denotes a ternary ring with zero and identity (1), 

and (S) denotes a monoid with neutral element (e). 

Any additional assumptions on (S), such as 

multiplicative cancellativity, will be stated explicitly 

in the corresponding theorem. 

3. Main Results: 

Theorem 1. 

Let S be a monoid with neutral element e, and let T be 

a graded ternary ring by S. If T is an NJ-ternary ring, 

S is multiplicatively cancellative, and 𝛼𝛽 ≠ 𝑒  for 

every two elements 𝛼, 𝛽 ∈ 𝑆 such that (𝛼, 𝛽) ≠ (𝑒, 𝑒), 

then: 

1)  The ternary subring 𝑇𝑒  is an NJ-ternary ring. 

2) If ℎ ≠ 𝑒, then every element of 𝑇ℎ is quasi-

regular in T. 

Proof: 

 Since 𝑇 =


s S

𝑇𝑠 is a graded ternary ring graded by 

monoid S  with neutral element 𝑒  , S  multiplication 

cancellative and α𝛽 ≠ 𝑒  for every two elements 

α, 𝛽 of S  such that (α, 𝛽) ≠ (𝑒, 𝑒) , then 1 ∈ 𝑇𝑒 

(lemma 2).  

1) Let 𝑎  be an element of  𝑇𝑒 . Since  T  is NJ- 

ring ,then either 𝑎 is regular element in  T or 

quasi- regular in T. 

• Case 1: If 𝒂 is regular element in  𝐓 , then 

there exist in T two elements 𝑥, y  such that  

𝑎 = 𝑎𝑥𝑎y𝑎. Since 𝑥, 𝑦 ∈ 𝑇 =


s S

𝑇𝑠 ,then: 

𝑥 = ∑ 𝑥𝑠

𝑠∈𝑆

  , 𝑦 = ∑ 𝑦𝑠

𝑠∈𝑆

 ; 𝑥𝑠, 𝑦𝑠 ∈ 𝑇𝑠 

Hence: 

𝑎 = 𝑎 (∑ 𝑥𝑠

𝑠∈𝑆

) 𝑎 (∑ 𝑦𝑠

𝑠∈𝑆

) 𝑎 = 𝑎 (𝑥𝑒 + ∑ 𝑥𝑠

𝑠∈𝑆−{𝑒}

) 𝑎 (𝑦𝑒 + ∑ 𝑦𝑠

𝑠∈𝑆−{𝑒}

) 𝑎 

= (𝑎𝑥𝑒𝑎 + ∑ 𝑎𝑥𝑠

𝑠∈𝑆−{𝑒}

𝑎) (𝑦𝑒𝑎 + ∑ 𝑦𝑠

𝑠∈𝑆−{𝑒}

𝑎) 

 

= 𝑎𝑥𝑒𝑎𝑦𝑒𝑎 + ∑ 𝑎𝑥𝑒𝑎𝑦𝑠

𝑠∈𝑆−{𝑒}

𝑎 + ∑ 𝑎𝑥𝑠

𝑠∈𝑆−{𝑒}

𝑎𝑦𝑒𝑎 + ( ∑ 𝑎𝑥𝑠

𝑠∈𝑆−{𝑒}

𝑎) ( ∑ 𝑦𝑠

𝑠∈𝑆−{𝑒}

𝑎) 

Since: 

(𝑎𝑥𝑒𝑎)𝑦𝑠𝑎 ∈ 𝑇𝑒𝑇𝑠𝑇𝑒 ⊆ 𝑇𝑠  ∀ 𝑠 ∈ 𝑆 − {𝑒} 

(𝑎𝑥𝑠𝑎)𝑦𝑒𝑎 ∈ 𝑇𝑠𝑇𝑒𝑇𝑒 ⊆ 𝑇𝑠  ∀ 𝑠 ∈ 𝑆 − {𝑒} 

(𝑎𝑥𝑠𝑎)𝑦𝑠𝑎 ∈ 𝑇𝑠𝑇𝑠𝑇𝑒 ⊆ 𝑇𝑠2  ∀ 𝑠 ∈ 𝑆 − {𝑒} 

𝑎, 𝑎𝑥𝑒𝑎𝑦𝑒𝑎 ∈ 𝑇𝑒  & 𝑠𝑠 ≠ 𝑒   ∀ 𝑠 ∈ 𝑆 − {𝑒} 

Since 𝑇 =


s S

𝑇𝑠    is a direct sum and 𝑎 ∈ 𝑇𝑒, the 

uniqueness of the homogeneous decomposition 

implies that all non-identity homogeneous 

components on the right-hand side must vanish. 

Hence,  𝑎 = 𝑎𝑥𝑒𝑎𝑦𝑒𝑎 . Therefore 𝑎  is a regular 

element in 𝑇𝑒. 
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• Case 2: If 𝒂 is a quasi - regular element 

in  𝐓, then 𝑎 is a right and left quasi  regular 

element in  T . Since 𝑎  is a right quasi - 

regular element in  T ,then there exist in T  

an element b such that  𝑎 + 𝑏 + 𝑎𝛼𝑏 = 0   

for all 𝛼  of T. 

Since 𝛼, 𝑏 ∈ 𝑇 =


s S

𝑇𝑠 ,then:

 

𝛼 = ∑ 𝛼𝑠

𝑠∈𝑆

  , 𝑏 = ∑ 𝑏𝑠

𝑠∈𝑆

 ; 𝛼𝑠, 𝑏𝑠 ∈ 𝑇𝑠 

Hence: 

𝑎 + (∑ 𝑏𝑠

𝑠∈𝑆

) + 𝑎(∑ 𝛼𝑠

𝑠∈𝑆

)(∑ 𝑏𝑠

𝑠∈𝑆

) = 0 

⟹ 𝑎 + 𝑏𝑒 + ( ∑ 𝑏𝑠

𝑠∈𝑆−{𝑒}

) + 𝑎(𝛼𝑒 + ∑ 𝛼𝑠

𝑠∈𝑆−{𝑒}

)(𝑏𝑒 + ∑ 𝑏𝑠

𝑠∈𝑆−{𝑒}

) = 0 

⟹ 𝑎 + 𝑏𝑒 + ( ∑ 𝑏𝑠

𝑠∈𝑆−{𝑒}

) + (𝑎𝛼𝑒 + ∑ 𝑎𝛼𝑠

𝑠∈𝑆−{𝑒}

)(𝑏𝑒 + ∑ 𝑏𝑠

𝑠∈𝑆−{𝑒}

) = 0 

⟹ 𝑎 + 𝑏𝑒 + ( ∑ 𝑏𝑠

𝑠∈𝑆−{𝑒}

) + 𝑎𝛼𝑒𝑏𝑒 + ∑ 𝑎𝛼𝑒𝑏𝑠

𝑠∈𝑆−{𝑒}

+ ∑ 𝑎𝛼𝑠

𝑠∈𝑆−{𝑒}

𝑏𝑒 + ( ∑ 𝑎𝛼𝑠

𝑠∈𝑆−{𝑒}

)( ∑ 𝑏𝑠

𝑠∈𝑆−{𝑒}

) = 0 

Since: 

𝑎, 𝑏𝑒 , 𝑎𝛼𝑒𝑏𝑒 ∈ 𝑇𝑒& 𝑎𝛼𝑒𝑏𝑠, 𝑎𝛼𝑠𝑏𝑒 ∈ 𝑇𝑠  ∀ 𝑠 ∈ 𝑆 − {𝑒} 

𝑎𝛼𝑠𝑏𝑠 ∈ 𝑇𝑠2& 𝑠𝑠 ≠ 𝑒   ∀ 𝑠 ∈ 𝑆 − {𝑒} 

Since   𝑇 =


s S

𝑇𝑠is 

a direct sum, the uniqueness of the homogeneous 

decomposition implies that the 𝑇𝑒-component of the 

above equality must vanish separately. Therefore, 

 𝑎 + 𝑏𝑒 + 𝑎𝛼𝑒𝑏𝑒 = 0 

Hence, a is a right quasi-regular element in 𝑇𝑒 

Similarly, the same argument shows that (a) is a left 

quasi-regular element in (𝑇𝑒). Therefore, (a) is a quasi-

regular element in (𝑇𝑒). 

Consequently, every element of (𝑇𝑒 ) is either regular 

or quasi-regular in (𝑇𝑒). Hence, (𝑇𝑒) is an NJ-ternary 

ring 

. 

2) If  𝑠 ∈ 𝑆 − {𝑒} and 𝑎  is an element of 𝑇𝑠 −

{0} ,then 𝑎 is not  regular in T  because if the 

element 𝑎 is regular in T , then there exist in 

T two elements 𝑥, y such that  𝑎 = 𝑎𝑥𝑎y𝑎. 

3) Since 𝑥, 𝑦 ∈ 𝑇 =


s S

𝑇𝑠 ,then: 

𝑥 = ∑ 𝑥𝑠

𝑠∈𝑆

  , 𝑦 = ∑ 𝑦𝑠

𝑠∈𝑆

 ; 𝑥𝑠, 𝑦𝑠 ∈ 𝑇𝑠 

Hence: 

𝑎 = 𝑎𝑥𝑒𝑎𝑦𝑒𝑎 + ∑ 𝑎𝑥𝑒𝑎𝑦𝑠

𝑠∈𝑆−{𝑒}

𝑎 + ∑ 𝑎𝑥𝑠

𝑠∈𝑆−{𝑒}

𝑎𝑦𝑒𝑎 + ( ∑ 𝑎𝑥𝑠

𝑠∈𝑆−{𝑒}

𝑎) ( ∑ 𝑦𝑠

𝑠∈𝑆−{𝑒}

𝑎) 

Moreover , 

𝑎𝑥𝑒𝑎𝑦𝑒𝑎 ∉ 𝑇𝑠 − {0} because if 𝑎𝑥𝑒𝑎𝑦𝑒𝑎 ∈ 𝑇𝑠 − {0},then: 

𝑎𝑥𝑒𝑎𝑦𝑒𝑎 ∈ 𝑇𝑠, (𝑎𝑥𝑒𝑎)𝑦𝑒𝑎 ∈ 𝑇𝑠3∀𝑠 ∈ 𝑆 − {𝑒}

𝑎𝑥𝑒𝑎𝑦𝑒𝑎 ≠ 0, 𝑇 = 𝑇𝑠
} ⟹ 𝑠 = 𝑠3 ⟹ 𝑠𝑒 = 𝑠3 

Since  S is multiplicatively cancellative   𝑒 = 𝑠2 and this contradicts α𝛽 ≠ 𝑒 for every two elements α, 𝛽 of S such 

that (α, 𝛽) ≠ (𝑒, 𝑒). 

𝑎𝑥𝑒𝑎𝑦𝑠𝑎 ∉ 𝑇𝑠 − {0} because if 𝑎𝑥𝑒𝑎𝑦𝑠𝑎 ∈ 𝑇𝑠 − {0},then: 

𝑎𝑥𝑒𝑎𝑦𝑠𝑎 ∈ 𝑇𝑠, (𝑎𝑥𝑒𝑎)𝑦𝑠𝑎 ∈ 𝑇𝑠4∀𝑠 ∈ 𝑆 − {𝑒}

𝑎𝑥𝑒𝑎𝑦𝑠𝑎 ≠ 0, 𝑇 = 𝑇𝑠
} ⟹ 𝑠 = 𝑠4 ⟹ 𝑠𝑒 = 𝑠4 

Since S is multiplicatively cancellative   𝑒 = 𝑠3 and this contradicts α𝛽 ≠ 𝑒 for every two elements α, 𝛽 of S such 

that (α, 𝛽) ≠ (𝑒, 𝑒). 



s S 


s S



s S 


s S
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𝑎𝑥𝑠𝑎𝑦𝑒𝑎 ∉ 𝑇𝑠 − {0}because if 𝑎𝑥𝑠𝑎𝑦𝑒𝑎 ∈ 𝑇𝑠 − {0},then: 

𝑎𝑥𝑠𝑎𝑦𝑒𝑎 ∈ 𝑇𝑠, (𝑎𝑥𝑠𝑎)𝑦𝑒𝑎 ∈ 𝑇𝑠4∀𝑠 ∈ 𝑆 − {𝑒}

𝑎𝑥𝑠𝑎𝑦𝑒𝑎 ≠ 0, 𝑇 = 𝑇𝑠
} ⟹ 𝑠 = 𝑠4 ⟹ 𝑠𝑒 = 𝑠4 

Since S is multiplicatively cancellative   𝑒 = 𝑠3 and this contradicts α𝛽 ≠ 𝑒 for every two elements α, 𝛽 of S such 

that (α, 𝛽) ≠ (𝑒, 𝑒). 

𝑎𝑥𝑠𝑎𝑦𝑠𝑎 ∉ 𝑇𝑠 − {0} because if 𝑎𝑥𝑠𝑎𝑦𝑠𝑎 ∈ 𝑇𝑠 − {0},then: 

𝑎𝑥𝑠𝑎𝑦𝑠𝑎 ∈ 𝑇𝑠, (𝑎𝑥𝑠𝑎)𝑦𝑠𝑎 ∈ 𝑇𝑠5∀𝑠 ∈ 𝑆 − {𝑒}

𝑎𝑥𝑠𝑎𝑦𝑠𝑎 ≠ 0, 𝑇 = 𝑇𝑠
} ⟹ 𝑠 = 𝑠5 ⟹ 𝑠𝑒 = 𝑠5 

Since S is 

multiplication Cancellative ,then 𝑒 = 𝑠4  and this 

contradicts α𝛽 ≠ 𝑒  for every two elements α, 𝛽 of S 

such that (α, 𝛽) ≠ (𝑒, 𝑒). 

Since 𝑎𝑥𝑒𝑎𝑦𝑒𝑎, 𝑎𝑥𝑒𝑎𝑦𝑠𝑎, 𝑎𝑥𝑠𝑎𝑦𝑒𝑎, 𝑎𝑥𝑠𝑎𝑦𝑠𝑎 ∉ 𝑇𝑠 −

{0} and 𝑎 ∈ 𝑇𝑠 ,then 𝑎 = 0 which is a contradiction. 

Since T is an NJ-ternary ring and ah is not regular in 

T, it follows that 𝑎ℎ is quasi-regular in T. Therefore, 

every element of 𝑇ℎ, for ℎ ≠ 𝑒, is quasi-regular in T. 

. 

Remark: Theorem 1 shows that the NJ-property 

descends to the identity component 𝑇𝑒, while all other 

homogeneous components consist entirely of quasi-

regular elements. 

Theorem 2.  

Let  S  be a monoid with neutral element  e , and let  T  

be an  S -graded ternary ring. If  T  is a JR-ternary ring,  

S  is multiplicatively cancellative, and (𝛼𝛽 ≠ 𝑒) for 

every (𝛼, 𝛽 ∈  𝑆) such that ((α, 𝛽) ≠ (𝑒, 𝑒)), then: 

1. The ternary subring (𝑇𝑒 ) is a JR-ternary ring. 

2. If the ternary subring (𝑇𝑒 ) is J-semisimple, 

then (𝑇𝑒) is an NJ-ternary ring. 

Proof:  

Since 𝑇 =


s S

𝑇𝑠  is a graded ternary ring graded by 

the monoid S  with neutral element 𝑒  , S 

multiplicatively cancellative and α𝛽 ≠ 𝑒  for every 

two elements α, 𝛽 of S such that (α, 𝛽) ≠ (𝑒, 𝑒), then 

1 ∈ 𝑇𝑒 (lemma 2).  

1) Let 𝑥   be an element of 𝑇𝑒  ,then 𝑥  is an 

element of T . Since T  is a JR-ternary ring 

,then there exist a regular element 𝑎  in T and   

an element 𝑏 of the Jacobson radical 𝑅𝑎𝑑(𝑇)  

such 

2) that 𝑥 = 𝑎 + 𝑏. Since 𝑎, 𝑏 ∈ 𝑇 =


s S

𝑇𝑠 , : 

𝑎 = ∑ 𝑎𝑠

𝑠∈𝑆

  , 𝑏 = ∑ 𝑏𝑠

𝑠∈𝑆

 ; 𝑎𝑠, 𝑏𝑠 ∈ 𝑇𝑠 

Hence: 

𝑥 = ∑ 𝑎𝑠

𝑠∈𝑆

+ ∑ 𝑏𝑠

𝑠∈𝑆

= 𝑎𝑒 + ∑ 𝑎𝑠

𝑠∈𝑆−{𝑒}

+ 𝑏𝑒 + ∑ 𝑏𝑠

𝑠∈𝑆−{𝑒}

 

Since: 

𝑥, 𝑎𝑒, 𝑏𝑒 ∈ 𝑇𝑒   &   𝑎𝑠, 𝑏𝑠 ∈ 𝑇𝑠 ∀𝑠 ∈ 𝑆 − {𝑒} 

Then 𝑥 = 𝛼𝑒 + 𝑏𝑒. Since 𝑎 is regular in T ,then there exist in T two elements 𝑥, y such that  𝑎 = 𝑎𝑥𝑎y𝑎. Since 

𝑥, 𝑦 ∈ 𝑇 =


s S

𝑇𝑠 , : 

𝑥 = ∑ 𝑥𝑠

𝑠∈𝑆

  , 𝑦 = ∑ 𝑦𝑠

𝑠∈𝑆

 ; 𝑥𝑠, 𝑦𝑠 ∈ 𝑇𝑠 

Hence: 

𝑎𝑒 + ∑ 𝑎𝑠 =

𝑠∈𝑆−{𝑒}

 

(𝑎𝑒 + ∑ 𝑎𝑠

𝑠∈𝑆−{𝑒}

)(𝑥𝑒 + ∑ 𝑥𝑠

𝑠∈𝑆−{𝑒}

)(𝑎𝑒 + ∑ 𝑎𝑠

𝑠∈𝑆−{𝑒}

)(𝑦𝑒 + ∑ 𝑦𝑠

𝑠∈𝑆−{𝑒}

)(𝑎𝑒 + ∑ 𝑎𝑠

𝑠∈𝑆−{𝑒}

) 

Since α𝛽 ≠ 𝑒 for every two elements α, 𝛽 of S such that (α, 𝛽) ≠ (𝑒, 𝑒) : 

𝑎𝑒 = 𝑎𝑒𝑥𝑒𝑎𝑒𝑦𝑒𝑎𝑒 



s S 


s S



s S 


s S
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Therefore 𝑎𝑒 is regular in 𝑇𝑒.Since 𝑏 ∈ 𝑅𝑎𝑑(𝑇),: 

1 − 𝑥𝑧𝑏 is left invertible in 𝑇   ∀𝑥, 𝑧 ∈ 𝑇  [lemma 

1] 

So 1 − 𝑥𝑧𝑏 is left invertible in 𝑇   ∀𝑥, 𝑧 ∈ 𝑇𝑒 .  

Therefore 1 − 𝑥𝑧𝑏 = 𝑢   ; 𝑢  is left invertible in 

 𝑇   ∀𝑥, 𝑧 ∈ 𝑇𝑒.  

Since 𝑢 ∈ 𝑇 =


s S

𝑇𝑠 : 

𝑢 = ∑ 𝑢𝑠

𝑠∈𝑆

 ; 𝑢𝑠 ∈ 𝑇𝑠 

Hence: 

1 − 𝑥𝑧(𝑏𝑒 + ∑ 𝑏𝑠

𝑠∈𝑆−{𝑒}

) = 𝑢𝑒 + ∑ 𝑢𝑠

𝑠∈𝑆−{𝑒}

 

Therefore: 

1 − 𝑥𝑧𝑏𝑒 − ∑ 𝑥𝑧𝑏𝑠

𝑠∈𝑆−{𝑒}

= 𝑢𝑒 + ∑ 𝑢𝑠

𝑠∈𝑆−{𝑒}

 

Since 𝑇 =


s S

𝑇𝑠 : 

1 − 𝑥𝑧𝑏𝑒 = 𝑢𝑒∀𝑥, 𝑧 ∈ 𝑇𝑒 

Since 𝑢 is left invertible in  𝑇 , then there exist two 

elements α, 𝛽  in  𝑇  , such that  α𝛽𝑢 = 1 . Since 

𝛼, 𝛽 ∈ 𝑇 =


s S

𝑇𝑠 : 

𝛼 = ∑ 𝛼𝑠

𝑠∈𝑆

  , 𝛽 = ∑ 𝛽𝑠

𝑠∈𝑆

 ; 𝛼𝑠, 𝛽𝑠 ∈ 𝑇𝑠 

Hence: 

(𝛼𝑒 + ∑ 𝛼𝑠

𝑠∈𝑆−{𝑒}

)(𝛽𝑒 + ∑ 𝛽𝑠

𝑠∈𝑆−{𝑒}

)(𝑢𝑒 + ∑ 𝑢𝑠

𝑠∈𝑆−{𝑒}

) = 1 

Since 1 ∈ 𝑇𝑒, 𝑇 =


s S

𝑇𝑠 ,  α𝛽 ≠ 𝑒  for every two 

elements 

α, 𝛽 of S such that  (α, 𝛽) ≠ (𝑒, 𝑒) ,  then  𝛼𝑒𝛽𝑒𝑢𝑒 =

1. So  𝑢𝑒 is left invertible in 𝑇𝑒 . 

Hence: 

1 − 𝑥𝑧𝑏𝑒 is left invertible in 𝑇𝑒   ∀𝑥, 𝑧 ∈ 𝑇𝑒 

So 𝑏𝑒  ∈ 𝑅𝑎𝑑(𝑇𝑒). Since there exist   a regular element 

𝛼𝑒  in 𝑇𝑒 and   an element 𝑏𝑒 of the Jacobson radical 

𝑅𝑎𝑑(𝑇𝑒)   such that 𝑥 = 𝛼𝑒 + 𝑏𝑒 , then the ternary 

subring  𝑇𝑒 is JR. 

3) Let 𝑥  be an element of 𝑇𝑒. Since the ternary 

subring   𝑇𝑒 is JR, then there  exist   a regular 

element 𝑎   in  𝑇𝑒  and an element 𝑏  of the 

Jacobson radical 𝑅𝑎𝑑(𝑇𝑒)  such that 𝑥 = 𝑎 +

𝑏. Since 𝑇𝑒 is J-semisimple, then 𝑅𝑎𝑑(𝑇𝑒) =

{0}. Therefore 𝑏 = 0.Hence 𝑥 = 𝑎 is regular 

element   in 𝑇𝑒. Therefore, 𝑇𝑒 is an NJ-ternary 

ring. 

 

 4. Conclusions: 

In this paper, we mainly studied NJ-ternary rings in the 

context of graded ternary rings. We investigated the 

relationship between a graded NJ-ternary ring and its 

homogeneous components and established several 

results concerning the behavior of regular and quasi-

regular elements in these components. In particular, 

under suitable conditions on the grading monoid, we 

showed that the neutral component (𝑇𝑒) inherits the 

NJ-ternary ring property from the graded ternary ring 

(T). We also examined the quasi-regularity of 

elements belonging to the other homogeneous 

components (𝑇𝑠) , where (𝑠 ≠  𝑒) . These results 

provide a connection between the structure of an NJ-

ternary ring and the algebraic properties of its grading 

components. 
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