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Abstract— Notions of natural systems inspired the robotics and communication communities to develop a new path of research 

named "The Robotics Swarm Networked Control" to cooperatively handle vast areas of tasks well beyond a single robot's 

abilities. The cornerstone research topic in such systems is the formation tracking control. This article investigates a newly 

developed formation tracking control for a swarm of crewless aerial vehicles (swarm-UAV). The proposed controller is based 

on a model predictive control algorithm (MPC). The primary motivation for considering such a solution is the ability to handle 

constrained nonlinear multi-input multi-output systems (MIMO), such as swarm-UAV. To enable swarm-UAV to accurately 

track time-varying shapes in 3D space, dual quaternion algebra was proposed to model the swarm-UAV system, which provides 

a compact formula to represent the UAV's position and orientation without singularities. The proposed approach adopts graph 

theory to simulate the effects of the communication links between the UAVs. Simulation experiments for three scenarios using 

the CasADi package integrated with the MATLAB environment were conducted and discussed to highlight the effectiveness of 

the proposed controller for real-time implementation. Finally, some suggestions for future improvements and research lines are 

listed. 

 Keywords— Swarm-UAV; DQ-Net-MPC; Formation tracking control.  
 

I. INTRODUCTION 

Background and Motivation 

In recent years, robot swarms in cooperative tasks have 

skyrocketed to increase task performance with minimal human 

involvement. The system consists of multiple robots that can 

interact with each other and the environment to accomplish 

everyday tasks cooperatively. Examples of these tasks include: 

urban area exploration (Gunn & Anderson, 2015); search and 

rescue operations (Chitikena et al, 2023); urban firefighting 

(Perez-Saura et al, 2023); huge object transportation 

(Hartmann, 2023), etc. 

A speedup in these tasks can be achieved by deploying a 

swarm of robots performing tasks in parallel. Fault Tolerant is 

crucial for any swarm system, which means a single robot 

client failure in the swarm system should not necessarily lead 

to the failure of the overall task (Miller & Gandhi, 2021). Such 

systems are called super-additive, where simple robots can 

perform complex goals, meaning the whole system can do 

more than a single one (Liu et al, 2022). Swarms of robots are 

classified into several groups, e.g., homogeneous and 

heterogeneous; large-scale and small-scale; and cooperative 

and competitive systems modes (Ajwad, 2020). For example, 

a swarm of uncrewed aerial vehicles (swarm-UAV) is a 

homogenous, large-scale system, and all UAVs work 

cooperatively to achieve a common goal. 

Particularly, swarm-UAVs have drawn much research 

attention, providing an efficient solution, especially in real-

time applications, thanks to their small size, ease of use, rapid 

technological advancement, and fast deployable flight 

(Alsammak et al, 2022). The robustness of swarm-UAV is 

strictly related to accurate mathematical modelling, 

communication network topology, and control structure used 

to reach the desired swarm behavior (i.e., formation control) 

(Stolfi & Danoy, 2022). 

The most significant challenge researchers encounter when 

studying swarm-UAV is accurately modeling the individual and 

collective behavior coordination to ensure that the system works 

effectively as an integrated system (Sial et al, 2022). Using a 

simple mathematical formula to describe each UAV's altitude 

and attitude is vital to accomplishing an efficient formation 

control system in real-world applications, considering the 

kinematic limitations and the singularities (Nekoo et al, 2022). 

The most up-to-date studies in the field of swarm of robots 

modeling have utilized the dual quaternion algebra (DQ) 

(Savino et al, 2019). It is an extension of the quaternion algebra 

which is used to study both the position and orientation of rigid 

bodies in 3D space (Adorno & Marinho, 2021). DQ has strong 

algebraic properties to model complex robotics systems as a 

swarm of robots, UAVs, mobile manipulators (Mas & Kitts, 

2018), and spacecraft (Valverde & Tsiotras, 2018). 

The second challenge is the communication system, which 

involves a stable connection between UAVs. Such a system 

often requires information exchange among the UAVs using a 

networked control structure (Zaouche, 2017). The structure of 

networked control is traditionally categorized as centralized, 

decentralized, and distributed control (Azari, 2019). Centralized 

control consists of a global central control unit that connects to 

each UAV.  

 

On the other hand, in the decentralized control, each UAV is 

controlled by independent local control units without any 

information exchange between UAVs. Finally, in the distributed 

control, all the UAVs are directly communicating with their 

neighbors and 
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Exchanging local information using communication networks 

(Lunze, 2014). In the case of a large-scale swarm, distributed 

control has more efficiency, adaptability, robustness, and 

scalability compared with centralized control, which has 

drawbacks like single point failure and limited computing 

capabilities (Zhuang et al, 2022). Recent approaches 

highlighted by researchers to control a swarm of robots are 

based on graph control theory. It models the swarm as massless 

points, which communicate through direct and indirect links. 

The third challenge is the swarm control system. Generally, to 

achieve a common goal of the swarm of robots, each robot 

controller is implemented in three different levels: a task-level 

control (Qin et al, 2022), devoted to the calculus of the swarm 

strategy; a formation-level control (Hirata-Acosta et al, 2021), 

that considers the kinematic robot model; and dynamic control 

(Joukhadar et al, 2019), which controls the robot's actuators.  

Researchers have proposed many kinematics and dynamics 

nonlinear controllers, such as sliding mode control (SMC), 

backstepping control (Joukhadar et al, 2019). Formation 

control is well studied and applied using different approaches 

due to its essential role for many complex tasks like human 

cooperative load transportation (Elwin et al, 2023). Thus, 

implementing a new solution for the formation control 

problem is an active area of research for different scenarios.  

Recently, one of the most promising approaches for swarm 

formation control is model predictive control (MPC) 

(Stomberg et al, 2023). 

MPC is an online optimization framework for a constrained 

nonlinear MIMO system. It is a model-based approach that 

predicts the system's behavior and solves the optimization 

problem to find the optimum inputs, ensuring the system's 

output tracks the desired trajectory (Chang & Shiau, 2018).  

This paper proposes a novel formation tracking control based 

on an optimization framework and DQ algebra.  

The proposed controller can maintain fast time-varying shapes 

accurately using modified networked model predictive control 

with dual quaternion algebra (DQ-Net-MPC). 

 

Literature Review 

This section summarizes the exciting research-related 

background topics and the state of the art of currently available 

approaches for the swarm-UAV control system. The concept 

of formation control has been studied extensively in the 

literature with applications to the coordination of multiple 

mobile manipulator robots (Alonso-Mora et al, 2017), UAVs 

(Dubois & Suzuki, 2018), and mobile robots (Loria et al, 

2016). The key issue in the coordination control is localization. 

The localization challenge relates to all the tasks and behaviors 

associated with knowing the location of each robot in the 

swarm, especially the leader. Localization has been studied 

extensively; some research has been done on localization using 

multiple robots, which is called cooperative localization (Khan 

& Moura, 2007). Statistical and probabilistic techniques are 

the most common tools used in all methods given by 

(Joukhadar et al, 2019), (Joukhadar et al, 2020). 

Three main control frameworks have emerged to address the 

formation problem: behavior-based and potential fields, 

leader-followers, and graph theory. Behavior-based methods 

and artificial potential fields are often combined in the 

formation control of a swarm system.  

In (Yang et al, 2020), an artificial potential field-based 

approach is used as a formation control for a swarm system 

with collision and obstacle avoidance. This method is also a 

fault-tolerant and scalable swarm formation control 

methodology (Yang & Ye, 2024). 

In (Xuan-Mung & Hong, 2019), UAVs maintain some desired 

distance to their neighbors; one UAV is designated as a leader 

while the other UAVs are designated as followers. Authors in 

(Liu et al, 2020) address the problem of heterogeneous 

formation tracking control with a virtual leader. 

Graph theory is an influential tool that researchers use to 

mathematically model the interconnections between robots, 

especially when using a switched communication network 

topology and a large-scale swarm system (Ajwad, 2020). 

Distributed control law uses direct and indirect graphs.  

In (Ebel, 2021), students distributed control-based 

communication links modeled using a direct graph. (Savino et 

al, 2019) mentions that most of the proposed studies use graph 

theory to represent only rigid body positions without 

considering their attitude, which leads to unstable performance 

in real-world applications.  

To solve this problem, Siciliano et al (2011) use dual 

quaternions to represent the motion of complex robotics systems 

as rigid bodies work cooperatively in 3D space. A dual 

quaternion is a compact mathematical formula that describes the 

position and orientation of the robot; it is less expensive than 

homogeneous transformation matrix HTM multiplications 

(Valverde & Tsiotras, 2018). 

In (Giribet et al, 2021), the authors demonstrate that a UAV and 

ground vehicles can collaborate to perform reconnaissance and 

surveillance. Other references (Adorno & Marinho, 2021) 

proposed a decentralized formation control law based on dual 

quaternion representation of mobile manipulators. Figueredo 

(2016) suggests different advanced kinematics control 

approaches based on DQ and improves the state-of-the-art in 

robot manipulators' cooperative control.  

In recent years, researchers have become increasingly interested 

in developing advanced control approaches using optimization 

frameworks to overcome uncertainty effects online, considering 

system constraints. One of the most used approaches is model 

predictive control (MPC) (Stomberg et al, 2023). 

Authors (Ghaderi et al., 2024) proposed a quadrotor formation 

control based on MPC that was improved with static and 

dynamic obstacle avoidance using an artificial potential field. 

(Aspragkathos et al, 2024) Utilizes MPC with a visual servoing 

system in surveillance and tracking scenarios to enable effective 

tracking of moving targets.  

To overcome the problem of the MPC's high computational 

power requirement in real-time applications, authors in  

(Elhesasy et al, 2023) use a fast optimizer like CasADi. It is an 

open source tool for constrained nonlinear optimization 

problems (NLP), it provides a fast optimal solution to a variety 

of numerical routines, and can be easily integrated with C++, 

Python, and MATLAB (Andersson et al, 2019). 

The intersection of MPC with networked systems as swarm-

UAV resulting in a networked model predictive control Net-

MPC (Li et al, 2022). 

 

Contributions 

Although a lot of research deals with the study of swarm 

formation control, implementing controllers found in the 

literature for real-world applications is challenging and not as 

straightforward as expected. Limitations, like inaccurate 

kinematics models, time delay, communication limits, and 

scalability, should be taken into consideration to accomplish 

effective formation control. To address the mentioned 

limitations, this research aims to develop a novel formation 

tracking control to enable a complex system like swarm-UAV 

to achieve a desired time-varying formation while tracking a 

predefined trajectory. The proposed controller takes into 
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consideration the UAV's attitude and the system constraints. 

Motivated by the discussion in section 1.2, a modified 

networked model predictive control algorithm using dual 

quaternion algebra (DQ-Net-MPC) is proposed and tested as a 

swarm-UAV formation tracking control.  

Using Net-MPC to directly consider the kinematics 

constraints, communication limits, network topology, and time 

delay in the MPC optimization problem is possible.  

A fast optimizer (e.g., CasADi) integrated with the MATLAB 

environment is used for real-time implementation of the 

proposed approach.  

This paper considers that the communication network 

topology is modeled with a fixed undirected graph, and the 

communication quality is ideal between UAVs.  

On the other hand, to achieve the optimal swarm-UAV with 

singularity-free behavior and minimum computation 

operations, dual quaternions algebra was proposed to model 

the swarm-UAV system kinematics (i.e., all the UAVs' 

position and attitude). 

The remaining sections of this paper are organized as follows. 

The system modeling and description using dual quaternions 

algebra and graph theory are introduced in Section 2. Next, in 

section 3, a modified networked model predictive control 

approach is developed to synthesize a formation tracking 

control law for a swarm-UAV modeled using dual quaternion 

algebra. A simulation study is presented and tested using 

MATLAB in Section 4, and finally, the discussion and 

conclusions are summarized in Sections 5 and 6, respectively. 

 

II. Problem Statement and System Description 

A swarm-UAV formation tracking control system consists of 

four basic components: UAVs model, the communication 

network topology, the controller, and the swarm task (7). 

This paper addresses the following problem: 

Consider a swarm-UAV system consisting of 𝑛 UAVs 

labeled 𝑞 = {𝑞1, 𝑞2, . . . , 𝑞𝑛}. Let 𝐱𝐢 represents the DQ pose 

(position and orientation) of each UAVi in the swarm. The 

UAVs are assumed to communicate using a fixed network 

topology modeled with an undirected graph 𝒢. The objective 

is to implement a networked control structure by solving an 

optimization framework to ensure that the swarm of UAVs 

tracks a predefined trajectory while maintaining a specific 

formation shape with minimal deviation. The adopted steps 

to implement the proposed DQ-Net-MPC approach are 

explained in detail. First, the DQ-based kinematic modeling 

of the swarm-UAV, followed by the modified Net-MPC, are 

presented. 

 

Mathematical Kinematics Modeling of a Swarm-UAV using 

DQ algebra 

This section presents a swarm-UAV kinematic modeling 

using DQ algebra. DQ describes the UAV's motion by 

combining the position and the orientation in a single 

mathematical expression called unit dual quaternions. DQ 

has strong algebraic properties, facilitating motion 

representation and providing free singularity with simple 

mathematical representation (Siciliano et al., 2011). 

DQ's structure simplifies control laws, making it a valuable 

mathematical tool for complex robotics system modeling as 

swarm-UAV and real-time control requirements 

(Asaamoning et al, 2011). The notation to represent the sets 

used in this paper is as follows: 

ℝ represents the real numbers set. 

ℍ represents the quaternions set. 

ℍ𝑝 represents the pure quaternions set. 

ℋ represents the DQ set. 

ℋp represents the unit dual quaternions set. 

Hamilton proposed quaternions in the 19th century to 

extend the algebra of complex numbers (Adorno & 

Marinho, 2021). The coefficients of a quaternion number 

𝐪 ∈ ℍ are given by: 

𝐪 ∈ ℍ ≜ {𝑞1 + 𝑖̂𝑞2 + 𝑗̂𝑞3 + 𝑘̂𝑞4: 𝑞1, 𝑞2, 𝑞3, 𝑞4

∈ ℝ 𝑎𝑛𝑑 𝑖̂2 = 𝑗̂2 = 𝑘̂2 = 𝑖̂𝑗̂𝑘̂

= −1}, 

(1) 

The 4-tuple of independent real coefficients 

𝑞1, 𝑞2, 𝑞3, 𝑞4 assigned to one real axis and three orthonormal 

imaginary axes 𝑖̂, 𝑗̂, 𝑘,̂ These are called quaternions units. 

DQ combines dual number theory and quaternions, 

offering a novel mathematical form with unique properties 

ℋ. 

The DQ number 𝐪 ∈ ℋ consists of two quaternions 

𝐪𝓟, 𝐪𝓓 ∈ ℍ, (The primary part 𝐪𝓟 = 𝒫(𝐪), the dual 

part 𝐪𝓓 = 𝒟(𝐪)) and an algebraic unit ε called "dual unit", 

satisfying the properties ε2 = 0;  ε ≠ 0. 

𝐪 ∈ ℋ ≜ {𝐪𝓟 + ε𝐪𝓓}, (2) 

Sometimes, it is necessary to multiply real matrices with 

dual quaternions. Thus, some appropriate mathematical 

operators are needed. The used operators in this paper are 

summarized below (Adorno & Marinho, 2021): 

• The operator 𝑣𝑒𝑐8:ℋ → ℝ8: This operator is used to map 

between the DQ set and the eight-dimensional vector space 

sets ℋ → ℝ8 and is defined as: 

Given 𝐪 ∈ ℋ such that 𝐪 = 𝑞1 + 𝑖̂𝑞2 + 𝑗̂𝑞3 + 𝑘̂𝑞4 +

𝜀(𝑞5 + 𝑖̂𝑞6 + 𝑗̂𝑞7 + 𝑘̂𝑞8) Then: 

𝑣𝑒𝑐8(𝐪)

= [𝑞1 𝑞2 𝑞3 𝑞4 𝑞5 𝑞6 𝑞7 𝑞8]T, 
(3) 

• Hamilton operators 𝐇8

+

(𝐪), 𝐇8

−

(𝐪): Very useful tools when 

performing algebraic multiplications, these operators can be 

utilized to commute terms when dual quaternions numbers 

ℋ are mapped into ℝ8. The DQ Hamilton operators are 

defined as: 

𝐇8

+

(𝐪) = [
H4

+
(𝐪𝓟) 𝟎4

H4

+
(𝐪𝓓) H4

+
(𝐪𝓟)

] ,

𝐇8

−

(𝐪)

= [
H4

−
(𝐪𝓟) 𝟎4

H4

−
(𝐪𝓓) H4

−
(𝐪𝓟)

], 

(4) 

where the elements H4

+
(𝐪𝓟), H4

−
(𝐪𝓟) Are the quaternions 

Hamilton operators given by: 
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𝐇4

+
(𝐪) = [

𝑞1 −𝑞2

𝑞2    𝑞1

−𝑞3 −𝑞4

−𝑞4    𝑞3
𝑞3    𝑞4

𝑞4 −𝑞3
    

𝑞1 −𝑞2

𝑞2    𝑞1

] ,

𝐇4

−
(𝐪) = [

𝑞1 −𝑞2

𝑞2    𝑞1

−𝑞3 −𝑞4

   𝑞4 −𝑞3
𝑞3 −𝑞4

𝑞4    𝑞3

   𝑞1    𝑞2

−𝑞2    𝑞1

], 

(5) 

Using Hamilton operators, the mathematical expression 

for multiplying two DQ numbers 𝐪1𝐪2 is written as 

follows:  

𝑣𝑒𝑐8(𝐪𝟏𝐪𝟐) = 𝐇8

+

(𝐪1)𝑣𝑒𝑐8(𝐪2)

= 𝐇8

−

(𝐪2)𝑣𝑒𝑐8(𝐪1), 

(6) 

• DQ conjugate operator 𝐂8: This operator is used to express 

the conjugate of a given DQ number 𝐪∗ into ℝ8 set as 

follows: 

𝑣𝑒𝑐8(𝐪
∗) = 𝐂8𝑣𝑒𝑐8(𝐪); 𝐂8

= 𝑑𝑖𝑎𝑔(1,−1,−1,−1, 1,−1,−1, −1), 

(7) 

If the primary part of 𝐪𝓟 is unit quaternions (i.e. ‖𝐪𝓟‖ =

√𝐪𝓟𝐪𝓟
∗ = 1), and perpendicular to the dual part 𝐪𝓟𝐪𝓓 =

0, then 𝐪 ∈ ℋp and is called unit dual quaternions. 

To perform a kinematics study using DQ algebra, a 

compact DQ framework corresponding to a translation 𝐩 

followed by a rotation 𝐫 is used to represent a rigid body 

motion in 3D-space in the form of a unit dual quaternion.  

In this paper, the kinematics description of each 

UAVi concerning a fixed coordinate frame, 𝒪 is given by 

𝐱i
𝒪 ∈ ℋp: 

𝐱i
𝒪  = 𝐫i

𝒪 +
1

2
ε𝐩i

𝒪𝐫i
𝒪;  𝐫i

𝒪 ∈ Spin(3), 𝐩i
𝒪

∈ ℍ𝑝, 

(8) 

where 𝐫i
𝒪 = cos(

∅

2
) + 𝐧 sin(

∅

2
), is a unit quaternion that 

represents the rotation vector with angle ∅ around an 

arbitrary unit vector 𝐧, and 𝐩i
𝒪 = (pxî + pyĵ + pzk̂) 

Represent the position vector as a pure quaternion (i.e., the 

fundamental part of 𝐩 should be equal to zero). According 

to (Siciliano et al, 2011), the derivative of 𝐱i
𝒪  Can be 

expressed by: 

𝐱̇i
𝒪  =

1

2
𝛏i
𝒪𝐱i

𝒪, (9) 

where 𝛏i
𝒪 ∈ ℋp Is the twist UAVi concerning the frame 𝒪, 

and is defined as (Siciliano et al, 2011): 

𝛏i
𝒪  = 𝛚𝐢 + ε(𝐩̇𝐢 + 𝐩𝐢 × 𝛚𝐢), (10) 

where 𝛚𝐢 ∈ ℍ𝑝  is the angular velocity and 𝐩̇𝐢 ∈ ℍ𝑝  Is the 

linear velocity. Finally, it is essential to mention that the 

discrete form of the kinematics equation (9) for the non-

Euclidean properties of ℋp set is expressed by (Figueredo, 

2016): 

𝐱i
k+1  = exp (

Ts𝛏i
k

2
) 𝐱i

k, 
(11) 

where Ts is the sample time. The next section presents a 

detailed description of the networked control protocols and 

how to integrate these protocols with DQ-based modeling is 

presented.  

 

Integrate Formation Control with DQ algebra. 

Formation control is one of the most important research 

topics in Swarm-UAV. According to Iskender et al (2019), 

the swarm-UAV is a complex system consisting of multiple 

UAVs working cooperatively to complete a specific task by 

establishing practical networked control approaches 

depending on the information interaction protocol between 

UAVs. This protocol is used to determine and update the 

next state of the UAVs (Iskender et al, 2019). 

In a distributed control, the swarm-UAV can be 

partially or fully connected with a fixed or switched 

communication topology between UAVs, which imposes 

constraints on the control system and should be considered 

(Seisa et al, 2022). Studiers use graph theory as a main tool 

to model the swarm communication topology 

mathematically. 

The communication topology can be modeled by a 

graph 𝒢 = (𝒱, ℰ), with 𝒱 = {𝜐1, 𝜐2, . . . , 𝜐𝑁} the set of 𝑁 

nodes and ℰ = {(𝜐𝑖 , 𝜐𝑗)|𝜐𝑖, 𝜐𝑗 ∈ 𝒱, 𝑖 ≠ 𝑗} ⊂ 𝒱 × 𝒱 the set 

of edges, where the edge (𝜐𝑖, 𝜐𝑗) ∈ ℰ represents the 

communication link from node 𝑖 to 𝑗. 

A node 𝑗 is said to be a neighbor of node 𝑖 if there is 

an edge. (𝜐𝑖, 𝜐𝑗) ∈ ℰ. The neighbor set of the node 𝑖  is 

denoted by 𝒩𝑖, where 𝒩i ∶= {υj|υi, υj ∈ 𝒱, (υi, υj) ∈ ℰ, i ≠

j} ⊆ 𝒱, which means that node 𝑖 can receive information 

from any 𝑗 ∈ 𝒩𝑖. 

 

The properties of graph 𝒢 are reduced into three 

matrices, (i.e., adjacency matrix 𝓐, degree matrix 𝓓, and 

Laplacian matrix 𝓛). The adjacency matrix is used to 

describe the directional communication among the robots, 

which is defined as 𝓐 = [𝑎𝑖𝑗] ∈ ℝ𝑀×𝑀 With each entry 

expressed as: 

𝑎𝑖𝑗 = {
1, 𝑖𝑓 (𝜐𝑖 , 𝜐𝑗) ∈ ℰ

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 (12) 

The degree matrix 𝓓 = 𝑑𝑖𝑎𝑔 (𝑑𝑖𝑖) ∈ ℝ𝑀×𝑀, with dii 

containing the information about the number of edges 

attached to each vertex. The Laplacian matrix of the graph 

𝒢 is defined by 𝓛 = 𝓓 − 𝓐 ∈ ℝ𝑀×𝑀. The matrix 𝓛 plays an 

important role in the swarm control as shown next [18]. 

The graph theory distinguishes between undirected 

and directed graphs as follows: In the undirected graph, the 

edges connect the nodes without specifying the connection 

direction (i.e. 𝑎𝑖𝑗 = 𝑎𝑗𝑖 = 1), on the other hand, in the 

directed graph, each edge has a starting node and an ending 

node [18]. 

According to the graph theory, the most essential 

issue in cooperative networked control is the consensus 

protocol (or agreement protocol).  

In the consensus protocol, the control input 𝑢𝑖
𝑘 for 

each UAVi is represented by the rate change of the state 𝑥̇𝑖
𝑘 

At time instance 𝑘, which is assumed to be governed by the 

sum of its relative states 𝑥𝑖
𝑘 for its neighbors 𝑥𝑗

𝑘, as given 

by:  
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𝑢𝑖
𝑘 = 𝑥̇𝑖

𝑘 = −∑ 𝑎𝑖𝑗  𝑥𝑖𝑗
𝑘

𝑗∈ 𝒩𝑖

= −∑ 𝑎𝑖𝑗(𝑥𝑗
𝑘

𝑗∈ 𝒩𝑖

− 𝑥𝑖
𝑘) ,       𝑖 = 1,… ,𝑁,

𝑖 ≠ 𝑗, 

(13) 

Then, the discrete state space of UAVi is given by: 

𝑥𝑖
𝑘+1 = 𝑥𝑖

𝑘 + 𝑇𝑠𝑢𝑖
𝑘,       𝑖 = 1,… ,𝑁, (14) 

Where 𝑁 is the number of UAVs, and 𝒩𝑖  is the neighbor's 

set of the UAVi in the swarm. Another form of equation 

(13) can be expressed using the Laplacian matrix 𝓛 ∈
ℝ𝑛×𝑛 Of the swarm interaction graph 𝒢 is given by: 

𝐮𝐤 = 𝐯𝐤 = −𝓛 𝐱𝐤, (15) 

where 𝐮𝐤 ∈ ℝ𝑛 Is the swarm control vector, 𝐯𝐤 ∈ ℝ𝑛 is the 

swarm velocities vector, and 𝐱𝐤 ∈ ℝ𝑛 Is the swarm's state 

vector. In some cases, UAVs must also track a reference 

trajectory generated by a real or virtual leader. This is 

referred to as leader tracking consensus.  

A special case of tracking consensus is formation 

tracking. Figure 1 illustrates information tracking the 

swarm-UAV force to track the leader's trajectory while 

maintaining a specific shape by controlling the motion of 

all UAVs for a desired relative interpositions between 

UAVs (Iskender et al, 2019).  

 
Figure (1). A 

block diagram 

of formation 

tracking 

control. 

Define ωk
ij

∈ ℝn which denote the desired relative 

position between UAVi and UAVj, the formation tracking 

control protocol is given by: 

𝑢𝑖
𝑘 = −∑ 𝑎𝑖𝑗(𝑥𝑖𝑗

𝑘 − 𝜔𝑘
𝑖𝑗)

𝑗∈𝑁𝑖

,       𝑖

= 1, … ,𝑁, 
(16) 

Using the Laplacian matrix, equation (16) can be written 

as follows: 

𝐮𝐤 = −𝓛𝐱𝐤 + 𝛀𝐤,       𝑖 = 1,… , 𝑁, (17) 

where Ωk = [Ω1
k, Ω2

k, … , Ωn
k] ∈ ℝn , and Ωi

k =

−∑ ωk
ij 

j∈Ni
 for all  i = 1,… , N. 

In case that the swarm-UAV kinematics was 

expressed using a unit dual quaternion (i.e. 𝐱i
𝒪 ∈ ℋp), the 

control protocol (17) cannot be applied directly because ℋp 

is a non-Euclidean space as mentioned in [12]. 

To overcome this problem, researchers in [12] 

proposed to modify the system output by using the 

logarithm of 𝐲i = 𝑙𝑜𝑔(𝐱i) ∈ ℋp. Thus, equation (13) is 

reformed in DQ space as follow: 

𝑣𝑒𝑐8(𝐮i) = 𝑣𝑒𝑐8(𝐱̇i)

= −𝐐𝟖(𝐱i)∑ 𝑎𝑖𝑗𝑣𝑒𝑐6 (𝐲i − 𝐲j)
j∈ 𝒩i

,     (18) 

where 𝐐𝟖(𝐱i) ∈ ℝ8×6 is the mapping matrix between the 

derivative of a unit dual quaternion and the derivative of its 

logarithm [13]. 

Section 3 addresses the formation control problem 

using DQ in the context of model predictive control (MPC). 

This novel control is proposed to find the optimal control 

law in DQ space with constraints. 

 

III. DQ-Based Networked Model Predictive Control 

Approach 

 

This section proposes a novel swarm-UAV formation tracking 

control approach based on DQ and networked model predictive 

control (DQ-Net-MPC). DQ-Net-MPC can be seen as the 

intersection of research fields of advanced control theory, 

mathematical optimization, and communications networks. 

The block diagram for the proposed approach is shown in Figure 

2. The kinematics description of the swarm-UAV system was 

expressed in DQ space, which facilitates the swarm motion 

representation with free singularity as mentioned in section 2.1. 

UAVs are dynamically decoupled. Thus, to maintain the swarm 

working cooperatively, the coupling is achieved in the control 

input using the properties of the communication graph G (i.e., 

the Laplacian matrix L). The control objective is to guarantee 

that the swarm-UAV tracks a predefined trajectory while 

maintaining a desired formation shape specified by the task 

controller. 

Figure (2): A block diagram of the proposed DQ-Net-MPC 

formation tracking control. 

 

First, a brief introduction about the MPC algorithm is 

presented, then the problem formulation and the proposed 

solution are explained extensively. 

• MPC algorithm 

As a swarm-UAV, MPC is one of the most attractive control 

approaches for constrained multi-input, multi-outputs 
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(MIMO) systems. A feedback control approach uses 

model-based optimization to compute the control input in 

a repeated form [27]. MPC solves an optimization problem 

over a prediction horizon H with a given objective function 

J to minimize the tracking error and improve coordination 

(Borghi & Herty, 2023). 

The physical limits are the maximum 

communication range, and the voltage or velocity limits 

are represented as constraints on the states and the control 

vectors, respectively [17]. 

Consider a linear discrete-time variant system given 

by: 

𝐱𝐤+𝟏 = 𝐀𝐤𝐱k + 𝐁𝐤𝐮k, (19) 

where the sample instance 𝑘 ∈ [0,1,… , 𝐻 − 1], 𝐱𝐤 ∈ ℝ𝑛 

Is the state vector at k, 𝐮k ∈ ℝ𝑚 Is the control input vector, 

𝐀𝐤 ∈ ℝ𝑛×𝑛 Is the variant system matrix and 𝐁𝐤 ∈ ℝ𝑛×𝑚 Is 

the variant input matrix. 

The cost function of the optimization problem is 

chosen as a quadratic sum of the states and control inputs 

as given by (20): 

J(𝐱k, 𝐮k) = 𝐱H
T𝐐H𝐱H

 

+ ∑ 𝐱k
T𝐐𝐱k

 
𝐻−1

𝑘=0

+ 𝐮k
T𝐑𝐮k, 

(20) 

where 𝐱𝐇 ∈ ℝn is the state vector at the end of the horizon 

H, 𝐐H, 𝐐 ∈ ℝn×n, 𝐑 ∈ ℝm×m are positive symmetric 

weighting matrices. The state and control sequence over 

the predicted time horizon is defined as 𝐗 =
(𝐱0, 𝐱1, … , 𝐱H), 𝐔 = (𝐮0, 𝐮1, … , 𝐮H−1). 

 

The above cost function is subject to linear 

equality/inequality constraints on the states and the control 

inputs. The constraint sets can be expressed as (Borghi & 

Herty, 2023): 

𝐗 ∈ 𝕏H+1

𝐔 ∈ 𝕌H
 

(21) 

These constraints can be used, for example, to incorporate 

the communication limitations (the maximum range of the 

communication network between UAVs) into the control 

framework as [𝒙𝒎𝒊𝒏, 𝒙𝒎𝒂𝒙] and the swarm-UAV velocities 

range as control input constraints as [𝒖𝒎𝒂𝒙, 𝒖𝒎𝒊𝒏]. 

 

A predicted sequence of optimal control actions 

𝒖𝒌
∗ = (𝒖𝟏

∗ , 𝒖𝟐
∗ , . . . , 𝒖𝑯−𝟏

∗ ) It is calculated by solving the 

following optimization problem for a specific prediction 

horizon H for each sample instance k: 

uk
∗ = argmin

𝐮k∈ℝn×H
∑ J(𝐱k, 𝐮k)

H−1

k=0
, 

𝑠. 𝑡.   𝐱𝐤+𝟏 = 𝐀𝐤𝐱k + 𝐁𝐤𝐮k 𝑆𝑦𝑠𝑡𝑒𝑚 𝑀𝑜𝑑𝑒𝑙

𝐗 ∈ 𝕏H+1 𝑆𝑡𝑎𝑡𝑒 𝐶𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠
𝐔 ∈ 𝕌H 𝐼𝑛𝑝𝑢𝑡 𝐶𝑜𝑛𝑠𝑡𝑟𝑎𝑖𝑛𝑡𝑠

 

(22

) 

 

Only the first control action 𝒖𝟏
∗  It is implemented while the 

remaining samples are discarded, and the exact steps are 

repeated by shifting the prediction horizon at each sampling 

instant k. 

• DQ-Net-MPC Problem Formulation:  

 

The proposed DQ-Net-MPC approach is designed to allow 

a swarm-UAV system to solve the following optimization 

problem cooperatively: 

 

Consider a swarm of UAVs labeled by 𝑞 = {1, . . . , 𝑛} 
that interact with each other through a communication 

network represented by a graph 𝒢. Each UAVi pose and 

velocity are represented in dual quaternion space by 𝐱i, 𝐯i ∈

ℋp, similarly to [11], let 𝐱i
d, 𝐯i

d ∈ ℋp is the desired position 

and velocity of each UAVi with respect to the center of the 

desired formation. The objective is to design a formation 

tracking controller with minimal position error ϵ. Given 𝐱i 

and 𝐱i
d for all UAVi, the dual quaternion error 𝐱e ∈ ℋp is 

defined as:  

𝐱e = 𝐱i
∗𝐱i

d = 𝐫e + ε
1

2
𝐩e𝐫e, (23) 

where 𝐫e = cos(
∅e

2
) + 𝐧 sin(

∅e

2
) is the orientation error and 

𝐩e ∈ ℍ is the position error. As seen when 𝐱i → 𝐱i
d then 

𝐱e → 1, which in turn implies 𝐩e → 0 and 𝐫e → 1 ⇒  ∅e →

0. A workaround to this problem is to define an invariant 

dual quaternions error function as follows: 

𝐞𝐭 = 1 − 𝐱e = 1 − 𝐱i
∗𝐱i

d, (24) 

 

Thus, when 𝐱i → 𝐱i
d then 𝐞𝐭 Converges to 0, yields the 

swarm-UAV tracks the desired formation. Multiplying both 

sides of (24) by (𝐱i
d)

∗
: 

𝐱i
∗ = (𝐱i

d)
∗
− 𝐞𝐭(𝐱i

d)
∗
, (25) 

The time derivative of (24) with substitute (25) is given by 

(26) as follows: 

𝐞̇𝐭 = −(𝐯i
d)

∗
𝐱i

d  + 𝐞𝐭(𝐱i
d)

∗
𝐯i

d − (𝐱i
d𝐯i

d)
∗
, 

(26) 

 

Using 𝑣𝑒𝑐8(. ) and Hamilton operators, the discrete-time 

derivative of 𝐝𝐞𝐭+𝟏 At time instance 𝑡 + 1 is given by (27) 

as follows: 

𝑣𝑒𝑐8(𝐝𝐞𝐭+𝟏) = 𝐇8

−

((𝐱i
d)

∗
𝐯i

d)𝑣𝑒𝑐8(𝐞𝐭)

− 𝐇8

−

(𝐱i
d)𝐂8𝑣𝑒𝑐8(𝐯i)

− 𝑣𝑒𝑐8(𝐱i
d𝐯i

d)
∗
, 

(27) 

 

Thus, the compact form of the error model of the swarm-

UAV formation tracking is rewritten by (28) as follows: 

𝐝𝐞𝐭+𝟏  = 𝐀𝐭𝐞𝐭 + 𝐁𝐭𝐮𝐭 + 𝐂𝐭, (28) 

where 𝐀𝐭 = 𝑑𝑖𝑎𝑔 (𝐇8

−

((𝐱i
d)

∗
𝐯i

d)) , 𝐁𝐭 =

𝑑𝑖𝑎𝑔 (−𝐇8

−

(𝐱i
d)𝐂8) , 𝐂𝐭 = −vec8(𝐱i

d𝐯i
d)

∗
, and assuming 

that  𝐮𝐭 = 𝐯i = 𝓛(vec8(𝐱i))
T

Concerning equation (15).  
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Table 1 describes the proposed DQ-Net-MPC as a 

formation tracking controller and explains the pseudo code 

of the DQ-Net-MPC algorithm. 

 

This paper used the CasADi package integrated with the 

MATLAB environment to implement the proposed 

controller. CasADi offers faster solutions for optimization 

problems than the MATLAB optimization toolbox and has 

higher accuracy [13]. 

IV. Results 

This section discusses the proposed control approach's 

effectiveness and highlights the controller performance with 

three different scenarios. A simulation study using the 

CasADi package integrated with the MATLAB environment 

is carried out to examine the performance of the proposed 

DQ-Net-MPC approach.  

 

Consider a homogenous swarm with 𝑛 = 6 UAVs labeled by 

𝑞 = {1, . . ,6}. These UAVs work cooperatively in 3D space 

and can only interact with each other through a local 

communication network with fixed topology, shown in 

Figure 3. The network properties are mathematically 

modeled using an undirected graph 𝒢 with matrices 

(𝓓,𝓐, 𝓛).  

 

 
Figure (2): The graph representation of the swarm-UAV. 

 

 

 

 

Referring to Figure 3, the graph matrices are written as 

follows: 

 

𝓓 =

[
 
 
 
 
 
3 0
0 3

0 0
0 0

0 0
0 0

0 0
0 0

3 0
0 3

0 0
0 0

0 0
0 0

0 0
0 0

3 0
0 3]

 
 
 
 
 

,𝓐

=

[
 
 
 
 
 
0 1
1 0

0 1
1 0

0 1
1 0

0 1
1 0

0 1
1 0

0 1
1 0

0 1
1 0

0 1
1 0

0 1
1 0]

 
 
 
 
 

, 

𝓛 = 𝓓 − 𝓐

=

[
 
 
 
 
 
   3 −1
−1    3

   0 −1
−1    0

   0 −1
−1    0

   0 −1
−1    0

   3 −1
−1    3

   0 −1
−1    0

   0 −1
−1    0

   0 −1
−1    0

   3 −1
−1    3]

 
 
 
 
 

, 

(29) 

 

 

The constraints considered on the states mainly rely on the 

communication limits, with a maximum distance for the 

swarm-UAV. 𝑑𝑚𝑎𝑥 = 50𝑚, and the kinematics/dynamics 

with maximum control input relies on the UAV's 

specifications. 

 

 

The tuning parameters are chosen as follows: The 

weighting matrices of the states and control vectors 𝐐 = 2 ∗
𝑒𝑦𝑒(8𝑛, 8𝑛), 𝐑 = 0.1 ∗ 𝑒𝑦𝑒(8𝑛, 8𝑛), the sample time 𝑇𝑠 =
0.2 𝑠𝑒𝑐, and the prediction horizon 𝐻 = 15 𝑠𝑎𝑚𝑝𝑙𝑒𝑠. To 

evaluate the performance of the DQ-Net-MPC approach, 

three scenarios were simulated as follows: 

 

• Scenario 1: Forming a static hexagonal shape; 

 

In this scenario, all UAVi Have identical performance, and 

the objective is to maintain a fast vertical motion to a 

constant altitude 𝑧 = 10𝑚, with a fixed hexagonal 

formation. 𝓕𝒅. All the desired waypoints, DQ positions, and 

orientations that define this hexagonal formation are chosen, 

such as: 

 

 

𝓕𝒅 = [vec8(𝐱1
d), vec8(𝐱2

d),… , vec8(𝐱6
d)]

=

[
 
 
 
 
 
 
 

1
0
0
0
0

−2
0
10

1
0
0
0
0

−1
1.732
10

1
0
0
0
0
1

1.732
10

1
0
0
0
0
2
0
10

1
0
0
0
0
1

−1.732
10

1
0
0
0
0

−1
−1.732

10 ]
 
 
 
 
 
 
 

, 

(30

) 

 

 

As seen in Figure 4a-b, the swarm-UAV climbs successfully 

from random initial positions to the desired formation shape. 
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(a) 

 

(b) 

Figure (3): (a) 3D view of swarm desired formation; (b) 

Top view of the swarm-UAV positions 

 

The time evolution of the swarm-UAV orientations 

and positions performing a fixed formation is shown in 

Figure 5a-b. It can be observed that the swarm quickly 

completes the circle formation with an execution time of 

about 2 𝑠𝑒𝑐. 

  

(a) (b) 
Figure (4): Time evolution of the swarm-UAV 

performing hexagonal formation: (a) The 

attitudes of all UAVs; (b) The position of all 

UAVs. 

Figure 6a decelerates the calculated attitude control 

actions. 𝑢2, 𝑢3, 𝑢4 for the orientations roll, pitch, and yaw, 

respectively. The attitude control of all UAVs indicates the 

stability of the entire controlled swarm. 

 

 

a-b 
Figure (5): (a) The calculated attitude control 

actions performing hexagonal formation; (b) The 

calculated position control actions performing 

hexagonal formation. 

Similarly, Figure 6b decelerates the calculated control 

actions. 𝑢6, 𝑢7, 𝑢8 for each UAVi positions 𝑥, 𝑦, 𝑧, 
respectively. Results illustrate that the proposed controller 

has no steady-state error, and all UAVs successfully 

converge to the desired formation shape. 

• Scenario 2: Leader- Followers trajectory tracking with a 

static chain-like formation; 

In this scenario, the required task is to move along a square 

trajectory, where a chain-like formation is adopted for the 

swarm-UAV and UAV1 is chosen as the leader. 

 

As seen in Figure 7, the swarm-UAV perfectly tracks 

a square trajectory with a chain-like formation starting from 

the leader UAV1. The followers perform the desired 

formation attitude and altitude with stability. 
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Figure (7): 3D views of the swarm-UAV track a square 

trajectory with a chain-like formation. 

 

The time evolution of the swarm-UAV coordinates 

performing a chain-like formation is shown in Figure 8.  

 

Figure (6): Time evolution of the swarm-UAV 

tracking a square trajectory with a chain-like 

formation. 

Notice that the swarm achieves the chain-like 

formation and completes the square trajectory during 

100 𝑠𝑒𝑐. Figure 9a-b illustrates the calculated attitude 

control actions. 𝑢2, 𝑢3, 𝑢4 and the calculated position 

control actions 𝑢6, 𝑢7, 𝑢8 for all UAVi. Notably, DQ-Net-

MPC can drive all UAVs to converge smoothly to the 

desired formation shape. 

  

(a) (b) 
Figure (7): (a) The calculated attitude control 
actions; (b) The calculated position control 

actions. 

• Scenario 3: Leader- Followers trajectory tracking with a 

dynamic circular formation. 

 

 

Here, a circular formation with time-varying diameter is 

implemented, requiring the swarm to follow the altitude of 

a virtual leader. 𝑞0 at the center of the formation, as declared 

in Figure 10. 

 

Figure (8): The graph representation of the 

swarm-UAV with a virtual leader. 

 

The leader 𝑞0 moves with a fixed velocity 𝜈𝑧 =
1𝑚/𝑠𝑒𝑐 about the z-axis. The followers move from their 

random initial positions to form a circle around q0 with a 

time-varying diameter 𝐴𝑡. The followers will turn in that 

circle and keep moving for all future times. The desired 

formation 𝓕𝒅(t) at time instant t with time-varying diameter 

𝐴𝑡 It is defined as follows: 

𝓕𝒅(t) = vec8(𝐱i
d)

= [1 0 0 0 0 Atcos (0.25t −
2π(i − 1)

n
) Atsin (0.25t −

2π(i − 1)

n
) νz𝑡]

T

, 

(

3

1

) 

 

 

where the number of UAVs 𝑛 = 6 and 𝑖 = 1,… , 𝑛 and the 
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attitude angles of all UAVs is [0 0 0]𝑟𝑎𝑑  

 

 

 

 

Figure 11a-b shows the accuracy of the DQ-Net-

MPC tracking performance with this scenario. Again, the 

proposed approach achieves Formation stability, 

maintaining the desired time-varying diameter. 

 

 

 

 

 

 

Figure (11): (a) + (b) 3D view of the swarm-UAV tracks a 

dynamic circular formation; (b) Top view of the swarm-UAV 

positions. 

 

 

 

 

 

 

 

 

 

Figure 12 illustrates the time evolution of the swarm-

UAV performing scenario 3. As seen, the swarm-UAV 

accomplished the trajectory with 50 𝑠𝑒𝑐. 

 

 

Figure (9): Evolution of the swarm-UAV coordinates 

performing circular dynamic formation. 

Finally, the results in Figure 13a-b illustrate the 

stability of the calculated control actions; the proposed DQ-

Net-MPC approach has no steady-state error, and all UAVs 

successfully converge to the desired formation shape. 

  

(a) (b) 
Figure (10): (a) The calculated attitude control 

actions; (b) The calculated position control 

actions. 

 

Discussion 

To highlight the superior performance of the proposed 

approach, the RMS error is computed for the three 

scenarios. The most important result from the comparison 

between the previous scenarios is that the DQ-Net-MPC 

achieves the minimum tracking error and maintains the 

desired formations, as shown in Figures 14, 15, and 16. 



 

Research Journal of Maaref University of Applied Sciences (RJMU)  Vol.1, Issue.1, August 2025 

 

 
© 2025, RJMU All Rights Reserved     49 | P a g e   

 

Figure (11): Tracking error norm of scenario 1. 

 

Figure (12): Tracking error norm of scenario 2. 

 

Figure (13): Tracking error norm of scenario 3. 

It is worth noting that implementing the proposed 

DQ-Net-MPC with CasADi optimizer accelerates the 

system performance, which can be deployed on embedded 

system units and fast computers for real-world 

applications. 

Table 2 summarizes the results from the three 

scenarios comparing the achieved minimum errors with 

the number of iterations, which also support the 

demonstration of the effectiveness and the stability 

performance of the proposed DQ-Net-MPC approach. 

 

 

 

Table 2. RMS errors of positions and orientations, and the 

number of iterations of the three tracking scenarios, will be 

used to validate the effectiveness of the proposed DQ-Net-

MPC approach. 
  Scenario 1 Scenario 2 Scenario 3 

‖𝐞𝐭‖𝟐 8.95
× 10−5𝑚 

4.12
× 10−2𝑚 

8.83
× 10−2𝑚 

Iterations 40 718 916 

 

V. Conclusions 

This paper deals with the design and implementation 

problem of a novel formation tracking controller based on a 

modified networked model predictive control approach 

using dual quaternion algebra (DQ-Net-MPC). The 

proposed approach has been tested for a homogenous, large-

scale swarm system consisting of six UAVs working 

cooperatively to achieve the desired formation shapes. 

After a short introduction to DQ algebra, graph 

theory, and the MPC algorithm, the problem formulation 

and proposed solution are explained in detail.  

To further validate the proposed approach, MATLAB 

simulation results supported by the CasADi optimization 

framework have been presented for three scenarios.  

The DQ mathematical kinematic modelling of the 

swarm-UAV enhanced the accuracy of the proposed 

controller with a simple, compact formula that is easy to use 

in the future for real-world applications. The results have 

emphasized fast and accurate convergence to the desired 

time-varying formation of the interconnected swarm-UAV.  

Future work is carried out by testing the performance 

of DQ-Net-MPC with switched network topology; 

deploying the proposed approach using Raspberry Pi units 

supported with ROS (robot operating system); exploring 

advanced communication technologies (e.g., the Internet of 

Things, IoT); and enhancing the swarm system with an AI-

task controller based on reinforcement learning. 
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